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Neural unit

Take weighted sum of inputs, plus a bias

Instead of just using z, we'll apply a nonlinear activation 
function f:
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7.1 Units

The building block of a neural network is a single computational unit. A unit takes

a set of real valued numbers as input, performs some computation on them, and

produces an output.

At its heart, a neural unit is taking a weighted sum of its inputs, with one addi-

tional term in the sum called a bias term. Given a set of inputs x1...xn, a unit hasbias term

a set of corresponding weightsw1...wn and a bias b, so the weighted sum z can be

represented as:

z= b+
X

i

wixi (7.1)

Often it’smoreconvenient to expressthisweighted sum using vector notation; recall

from linear algebra that a vector is, at heart, just a list or array of numbers. Thusvector

we’ ll talk about z in terms of a weight vector w, a scalar biasb, and an input vector

x, andwe’ ll replace the sum with theconvenient dot product:

z= w·x+ b (7.2)

Asdefined in Eq. 7.2, z is just a real valued number.

Finally, instead of using z, a linear function of x, as the output, neural units

apply a non-linear function f to z. We will refer to the output of this function as

the activation value for the unit, a. Since we are just modeling a single unit, theactivation

activation for thenodeisin fact thefinal output of thenetwork, whichwe’ ll generally

call y. So thevaluey isdefined as:

y= a= f (z)

We’ ll discuss three popular non-linear functions f () below (the sigmoid, the tanh,

and the rectified linear ReLU) but it’s pedagogically convenient to start with the

sigmoid function since wesaw it in Chapter 5:sigmoid

y= s (z) =
1

1+ e− z
(7.3)

Thesigmoid (shown in Fig. 7.1) hasanumber of advantages; it maps theoutput

into the range [0,1], which is useful in squashing outliers toward 0 or 1. And it’s

differentiable, which aswe saw in Section ?? will behandy for learning.

Figure7.1 The sigmoid function takes a real value and maps it to the range [0,1]. It is

nearly linear around 0 but outlier valuesget squashed toward 0 or 1.
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Non-Linear Activation Functions
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Sigmoid

We're already seen the sigmoid for logistic regression:
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Final function the unit is computing
7.1 • UNITS 3

Substituting Eq. 7.2 into Eq. 7.3 gives us theoutput of aneural unit:

y= s (w·x+ b) =
1

1+ exp(− (w·x+ b))
(7.4)

Fig. 7.2 shows a final schematic of a basic neural unit. In this example the unit

takes 3 input values x1,x2, and x3, and computes a weighted sum, multiplying each

valueby aweight (w1,w2, andw3, respectively), addsthem to abiastermb, and then

passes theresulting sum through asigmoid function to result in anumber between 0

and 1.
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Figure7.2 A neural unit, taking 3 inputs x1, x2, and x3 (and abiasb that we represent asa

weight for an input clamped at +1) and producing an output y. We include some convenient

intermediate variables: the output of the summation, z, and the output of the sigmoid, a. In

this case the output of the unit y is the same as a, but in deeper networkswe’ ll reserve y to

mean thefinal output of theentire network, leaving a as theactivation of an individual node.

Let’s walk through an example just to get an intuition. Let’s suppose we have a

unit with the following weight vector and bias:

w = [0.2,0.3,0.9]

b = 0.5

What would this unit do with the following input vector:

x = [0.5,0.6,0.1]

Theresulting output ywould be:

y= s (w·x+ b) =
1

1+ e− (w·x+ b)
=

1

1+ e− (.5⇤.2+ .6⇤.3+ .1⇤.9+ .5)
=

1

1+ e− 0.87
= .70

In practice, the sigmoid isnot commonly used as an activation function. A function

that isvery similar but almost alwaysbetter is the tanh function shown in Fig. 7.3a;tanh

tanh is avariant of thesigmoid that ranges from -1 to +1:

y=
ez− e− z

ez+ e− z
(7.5)

The simplest activation function, and perhaps the most commonly used, is the rec-

tified linear unit, also called the ReLU, shown in Fig. 7.3b. It’s just the same as xReLU

when x ispositive, and 0 otherwise:

y= max(x,0) (7.6)



Final unit again
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An example

Suppose a unit has:
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b = 0.5 

What happens with input x:

x = [0.5,0.6,0.1] 
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unit with the following weight vector and bias:
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that is very similar but almost alwaysbetter is the tanh function shown in Fig. 7.3a;tanh

tanh isavariant of the sigmoid that ranges from -1 to +1:
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The simplest activation function, and perhaps the most commonly used, is the rec-

tified linear unit, also called the ReLU, shown in Fig. 7.3b. It’s just the same as xReLU

when x ispositive, and 0 otherwise:

y= max(x,0) (7.6)
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y= s (w·x+ b) =
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(7.4)

Fig. 7.2 shows a final schematic of a basic neural unit. In this example the unit

takes 3 input values x1,x2, and x3, and computes a weighted sum, multiplying each
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b = 0.5
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tified linear unit, also called the ReLU, shown in Fig. 7.3b. It’s just the same as xReLU

when x ispositive, and 0 otherwise:

y= max(x,0) (7.6)
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Substituting Eq. 7.2 into Eq. 7.3 givesustheoutput of aneural unit:

y= s (w·x+ b) =
1

1+ exp(− (w·x+ b))
(7.4)

Fig. 7.2 shows afinal schematic of abasic neural unit. In this example the unit

takes3 input values x1,x2, and x3, and computes aweighted sum, multiplying each

valueby aweight (w1,w2, andw3, respectively), addsthemtoabiastermb, and then
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Figure7.2 A neural unit, taking 3 inputsx1, x2, and x3 (and abiasb that werepresent asa

weight for an input clamped at +1) and producing an output y. We include some convenient

intermediate variables: the output of the summation, z, and the output of the sigmoid, a. In

this case the output of the unit y is the same asa, but in deeper networkswe’ ll reserve y to

mean thefinal output of theentirenetwork, leaving aastheactivation of an individual node.

Let’swalk through an example just to get an intuition. Let’ssuppose wehavea

unit with thefollowing weight vector and bias:

w = [0.2,0.3,0.9]

b = 0.5

What would thisunit do with thefollowing input vector:

x = [0.5,0.6,0.1]

Theresulting output ywould be:

y= s (w·x+ b) =
1

1+ e− (w·x+b)
=

1

1+ e− (.5⇤.2+ .6⇤.3+ .1⇤.9+ .5)
=

1
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= .70

In practice, thesigmoid isnot commonly used asan activation function. A function

that isvery similar but almost alwaysbetter is thetanh function shown in Fig. 7.3a;tanh

tanh isavariant of thesigmoid that ranges from -1 to +1:

y=
ez− e− z

ez+ e− z
(7.5)

The simplest activation function, and perhaps the most commonly used, is the rec-

tified linear unit, also called the ReLU, shown in Fig. 7.3b. It’s just the same as zReLU

when z ispositive, and 0 otherwise:

y= max(z,0) (7.6)
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The XOR problem

Can neural units compute simple functions of input?

Minsky and Papert (1969)
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Figure7.3 The tanh and ReLU activation functions.

These activation functions have different properties that make them useful for

different languageapplications or network architectures. For example, thetanh func-

tion has the nice properties of being smoothly differentiable and mapping outlier

values toward themean. The rectifier function, on theother hand hasniceproperties

that result from it being very close to linear. In the sigmoid or tanh functions, very

high values of z result in values of y that are saturated, i.e., extremely close to 1,saturated

and have derivatives very close to 0. Zero derivatives cause problems for learning,

because as we’ ll see in Section 7.4, we’ ll train networks by propagating an error

signal backwards, multiplying gradients (partial derivatives) from each layer of the

network; gradients that arealmost 0 cause theerror signal to get smaller and smaller

until it is too small to be used for training, aproblem called the vanishing gradientvanishing
gradient

problem. Rectifiers don’ t have this problem, since the derivative of ReLU for high

values of z is 1 rather than very close to 0.

7.2 The XOR problem

Early in the history of neural networks it was realized that the power of neural net-

works, as with the real neurons that inspired them, comes from combining these

units into larger networks.

One of the most clever demonstrations of the need for multi-layer networks was

the proof by Minsky and Papert (1969) that a single neural unit cannot compute

some very simple functions of its input. Consider the task of computing elementary

logical functions of two inputs, like AND, OR, and XOR. As a reminder, here are

the truth tables for those functions:

AND OR XOR

x1 x2 y x1 x2 y x1 x2 y

0 0 0 0 0 0 0 0 0

0 1 0 0 1 1 0 1 1

1 0 0 1 0 1 1 0 1

1 1 1 1 1 1 1 1 0

This example wasfirst shown for the perceptron, which is avery simple neuralperceptron

unit that has abinary output and does not haveanon-linear activation function. The
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Not possible to capture XOR with perceptrons

Pause the lecture and try for yourself!



Why? Perceptrons are linear classifiers

Perceptron equation given x1 and x2, is the equation of a line

w1x1 + w2x2 + b = 0

(in standard linear format:     x2 = (−w1/w2)x1 + (−b/w2)    )

This line acts as a decision boundary 
• 0 if input is on one side of the line

• 1 if on the other side of the line 



Decision boundaries

0

0 1

1

x1

x2

0

0 1

1

x1

x2

0

0 1

1

x1

x2

a)  x1 AND x2 b)  x1 OR x2 c)  x1 XOR x2

?

XOR is not a linearly separable function!



Solution to the XOR problem

XOR can't be calculated by a single perceptron

XOR can be calculated by a layered network of units. 

x1 x2

h1 h2

y1

+1

1 -11 1

1 -2

01

+1

0
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The hidden representation h
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(With learning:  hidden layers will learn to form useful representations)
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Feedforward Neural Networks

Can also be called multi-layer perceptrons (or 
MLPs)  for historical reasons



Binary Logistic Regression as a 1-layer Network

29

w

xn
x1

𝑦 = 𝜎(𝑤 ∙ 𝑥 + 𝑏)

+1

w1 wn b

(y is a scalar)
σOutput layer

(σ node)

Input layer
vector x

(we don't count the input layer in counting layers!)

(vector)
(scalar)



Multinomial Logistic Regression as a 1-layer Network

30

W

xnx1

Fully connected single layer network

W is a 
matrix

𝑦 = softmax(𝑊𝑥 + 𝑏)

+1

y is a vector

y1 yn

b is a vector

b

s s sOutput layer
(softmax nodes)

Input layer
scalars



Reminder: softmax: a generalization of sigmoid

For a vector z of dimensionality k, the softmax is:

Example:



Two-Layer Network with scalar output

U

W

xnx1 +1

y is a scalar

b

hidden units

(σ node)

Input layer
(vector)

Output layer
(σ node)

Could be ReLU
Or tanh

z = 𝑈ℎ
𝑦 = 𝜎(𝑧)



Two-Layer Network with scalar output

U

W

xnx1 +1

b

hidden units

(σ node)

Input layer
(vector)

Output layer
(σ node)

i

j
Wji

vector

y is a scalar
z = 𝑈ℎ
𝑦 = 𝜎(𝑧)



Two-Layer Network with scalar output

U

W

xnx1 +1

b

hidden units

(σ node)

Input layer
(vector)

Output layer
(σ node)

Could be ReLU
Or tanh

y is a scalar
z = 𝑈ℎ
𝑦 = 𝜎(𝑧)



Two-Layer Network with softmax output

U

W

xnx1 +1

b

hidden units

(σ node)

Input layer
(vector)

Output layer
(σ node)

Could be ReLU
Or tanh

y is a vector
z = 𝑈ℎ
𝑦 = softmax(𝑧)



Multi-layer Notation

W[1

]

xnx1 +1

b[1]

i

j

W[2

] b[2]

𝑧[1] = 𝑊[1]𝑎[0] + 𝑏[1]

𝑎[0]

𝑎[1] = 𝑔 1 (𝑧 1 )

𝑧[2] = 𝑊[2]𝑎[1] + 𝑏[2]

𝑎[2] = 𝑔 2 (𝑧 2 )

𝑦 = 𝑎[2]

sigmoid or softmax

ReLU



Multi Layer Notation

37

x1 x2 x3

y

w1 w2 w3

∑

b

σ

+1

z
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Replacing the bias unit

Let's switch to a notation without the bias unit

Just a notational change

1. Add a dummy node a0=1 to each layer

2. Its weight w0 will be the bias

3. So input layer a[0]
0=1, 

◦ And a[1]
0=1 , a[2]

0=1,…



Replacing the bias unit

Instead of:     We'll do this:

x= x1, x2, …, xn0 x= x0, x1, x2, …, xn0



Replacing the bias unit

x1 x2

y1

xn0
…

…

+1

b

…

U

W

y2
yn2

h1
h2 h3

hn1

x1 x2

y1

xn0
…

…

x0=1

…

U

W

y2
yn2

h1
h2 h3

hn1

Instead of:     We'll do this:
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Use cases for feedforward networks

Let's consider 2 (simplified) sample tasks:

1. Text classification

2. Language modeling

State of the art systems use more powerful neural 
classifiers like BERT/MLM classifiers, but simple models 
will introduce some important ideas

43



Classification: Sentiment Analysis

We could do exactly what we did with logistic 
regression

Input layer are binary features as before

Output layer is 0 or 1 U

W

xnx1

σ



Sentiment Features

45



Feedforward nets for simple classification

Just adding a hidden layer to logistic regression

• allows the network to use non-linear interactions between features 

• which may (or may not) improve performance.

46

U

W

xnx1

f1 f2
fn

46

W

xnx1

f1 f2
fn

Logistic
Regression

2-layer
 feedforward
 network

σ
σ



Reminder: Multiclass Outputs

What if you have more than two output classes?
◦ Add more output units (one for each class)

◦ And use a “softmax layer”

47

U

W

xnx1



The output layer

ŷ could have two nodes (one each for positive and 
negative), or 3 nodes (positive, negative, neutral).

• ŷ1 estimated probability of positive sentiment

• ŷ2 probability of negative 

• ŷ3 probability of neutral 



Equations for NN classification with hand features





Vectoring for parallelizing inference

We would like to efficiently classify the whole test 
set of m observations.

So we vectorize: pack all the input features into X

• Each row x(i) of X is a row vector with all the 
features for example x(i)

• Feature dimensionality is d, X is [m x d]



Slight changes to equations 

Each input is now a row vector

• X is of shape [m x d]

• W is of shape [dh x d]

• We'll need to do some reordering and transposing

• Bias vector b that used to be [1 x dh] is now [m x dh]
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Even better: representation learning

The real power of deep learning comes 
from the  ability to learn features from 
the data

Instead of using hand-built human-
engineered features for classification

Use learned representations like 
embeddings!

55

U

W

xnx1

e1 e2
en

σ



Embedding matrix E

• An embedding is a vector of dimension [1 x d] 
that represents the input token. 

• An embedding matrix E is a dictionary, one row 
per token of vocab V

• E has shape [|V| × d]

• Embedding matrices are central to NLP; they 
represent input text in LLMs and all NLP tools



Text classification from embeddings

• Given tokenized input: dessert was great 

• Select the embedding vectors from E:
1. Convert BPE tokens into vocabulary indices 
• w = [3, 9824, 226] 

2. Use indexing to select the corresponding rows from E 
• row 3, row 4000, row 10532



Another way to think of indexing from E

• Treat each input word as one-hot vector
• If dessert is index 3:

• Multiply it by E to select out the embedding for 
dessert



Collecting embeddings from E for N words

Given window of N tokens, represented by N [1 × d] 
embeddings
Need to return a single class (e.g., pos or neg)



Text comes in different lengths

Given window of N tokens, represented by N [1 × d] 
embeddings, return a single class (e.g., pos or neg)

1. Concatenate all the inputs into one long vector of 
shape [1×dN], i.e. input is length N of longest review 
• If shorter then pad with zero embeddings

• Truncate if you get longer reviews at test time

2. Pool the inputs into a single short [1 × d] vector. A 
single "sentence embedding" (the same 
dimensionality as a word) to represent all the 
words. Less info, but very efficient and fast. 



Pooling

Intuition: exact position not so important for sentiment.

We'll just do some sort of averaging of all the vectors.

Mean pooling:



Pooling
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Neural Language Models (LMs)

Language Modeling: Calculating the probability of the 
next word in a sequence given some history. 

• We've seen N-gram based LMs

• But neural network LMs far outperform n-gram 
language models

State-of-the-art neural LMs are based on more 
powerful neural network technology like Transformers

But simple feedforward LMs introduce many of the 
important concepts
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Simple feedforward Neural Language Models

Task: predict next word wt 

    given prior words wt-1, wt-2, wt-3, …

Problem: Now we’re dealing with sequences of 
arbitrary length.

Solution: Sliding windows (of fixed length)

66



67

Inference in a Feedforward Language Model 



Feedforward language model equations

So ŷ42 is the probability of the next word wt being 
V42 = fish



Why Neural LMs work better than N-gram LMs

Training data:

We've seen:  I have to make sure that the cat gets fed. 

Never seen:   dog gets fed

Test data:

I forgot to make sure that the dog gets ___

N-gram LM can't predict "fed"!

Neural LM can use similarity of "cat" and "dog" 
embeddings to generalize and predict “fed” after dog
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Intuition: training a 2-layer Network

72

U

W

xnx1

System output ො𝑦 

Actual answer 𝑦

Training instance

Loss function L( ො𝑦, 𝑦)

Forward pass

Backward pass



Intuition: Training a 2-layer network

For every training tuple (𝑥, 𝑦)
◦ Run forward computation to find our estimate ො𝑦
◦ Run backward computation to update weights: 

◦ For every output node
◦ Compute loss 𝐿 between true 𝑦 and the estimated ො𝑦
◦ For every weight 𝑤 from hidden layer to the output layer

◦ Update the weight

◦ For every hidden node
◦ Assess how much blame it deserves for the current answer
◦ For every weight 𝑤 from input layer to the hidden layer
◦ Update the weight
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Reminder: Loss Function for binary logistic regression

A measure for how far off the current answer is to 
the right answer

Cross entropy loss for logistic regression:

74



Reminder: gradient descent for weight updates

Use the derivative of the loss function with respect to 

weights 
𝑑

𝑑𝑤
𝐿(𝑓 𝑥; 𝑤 , 𝑦) 

To tell us how to adjust weights for each training item 
◦ Move them in the opposite direction of the gradient

◦ For logistic regression

10 CHAPTER 5 • LOGISTIC REGRESSION

example):

wt+ 1 = wt − h
d

dw
L( f (x;w),y) (5.14)

Now let’s extend the intuition from a function of one scalar variablew to many

variables, because wedon’ t just want to move left or right, we want to know where

in the N-dimensional space (of theN parameters that make up q) we should move.

The gradient is just such a vector; it expresses the directional components of the

sharpest slopealong each of thoseN dimensions. If we’rejust imagining two weight

dimensions(say for oneweightwandonebiasb), thegradient might beavector with

two orthogonal components, each of which tells us how much the ground slopes in

thew dimension and in theb dimension. Fig. 5.4 shows avisualization of thevalue

of a2-dimensional gradient vector taken at the red point.

Cost(w,b)

w
b

Figure5.4 Visualization of the gradient vector at the red point in two dimensionsw and b,

showing thegradient asared arrow in thex-y plane.

In an actual logistic regression, the parameter vector w is much longer than 1 or

2, since the input feature vector x can be quite long, and we need a weight wi for

each xi . For each dimension/variablewi inw (plus thebiasb), thegradient will have

a component that tells us the slope with respect to that variable. Essentially we’re

asking: “How much would asmall change in that variablewi influence the total loss

function L?”

In each dimensionwi , weexpress theslopeasapartial derivative ∂
∂wi

of the loss

function. Thegradient is then defined asavector of thesepartials. We’ ll represent ŷ

as f (x;q) to makethedependence on q moreobvious:

—qL( f (x;q),y)) =

2

6
6
6
6
4

∂
∂w1
L( f (x;q),y)

∂
∂w2
L( f (x;q),y)

...
∂
∂wn
L( f (x;q),y)

3

7
7
7
7
5

(5.15)

Thefinal equation for updating q based on thegradient is thus

qt+ 1 = qt − h—L( f (x;q),y) (5.16)



Where did that derivative come from?

Using the chain rule!   f (x) = u(v(x)) 

Intuition (see the text for details)
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w1 w2 w3

∑

b

σ
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z
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Derivative of the Loss

Derivative of the Activation

Derivative of the weighted sum

𝜕𝐿

𝜕𝑤𝑖
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𝜕𝐿

𝜕𝑦

𝜕𝑦

𝜕𝑧
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How can I find that gradient for every weight in 
the network?

These derivatives on the prior slide only give the 
updates for one weight layer: the last one! 

What about deeper networks?

• Lots of layers, different activation functions?

Solution in the next lecture:

• Even more use of the chain rule!! 

• Computation graphs and backward differentiation!
77
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Why Computation Graphs

For training, we need the derivative of the loss with 
respect to each weight in every layer of the network 

• But the loss is computed only at the very end of the 
network! 

Solution: error backpropagation (Rumelhart, Hinton, Williams, 1986) 

• Backprop is a special case of backward differentiation

• Which relies on computation graphs. 
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Computation Graphs

A computation graph represents the process of 
computing a mathematical expression

81



Example: 

82

e=a+d

d = 2b L=ce

a

b

c

Computations:



Example: 

83

Computations:



Backwards differentiation in computation graphs

The importance of the computation graph 
comes from the backward pass

This is used to compute the derivatives that we’ll 
need for the weight update. 



Example

85

The derivative 
𝜕𝐿

𝜕𝑎
, tells us how much a small change in a 

affects L. 

We want:

7.4 • TRAINING NEURAL NETS 13

Or for anetwork with onehidden layer and softmax output, wecould usethederiva-

tiveof thesoftmax loss from Eq. ??:

∂LCE

∂wk
= ( { y= k} − p(y= k|x))xk

=

 

{ y= k} −
exp(wk ·x+ bk)

P K
j= 1exp(wj ·x+ bj)

!

xk (7.22)

But these derivatives only give correct updates for one weight layer: the last one!

For deep networks, computing thegradients for each weight ismuch morecomplex,

sincewearecomputing thederivativewith respect to weight parameters that appear

all the way back in the very early layers of the network, even though the loss is

computed only at thevery end of thenetwork.

Thesolution to computing thisgradient isan algorithm called error backprop-

agation or backprop (Rumelhart et al., 1986). While backprop was invented spe-error back-
propagation

cially for neural networks, it turns out to be the same as a more general procedure

called backward differentiation, which depends on the notion of computation

graphs. Let’sseehow that works in thenext subsection.

7.4.3 Computation Graphs

A computation graph isarepresentation of theprocessof computing amathematical

expression, in which thecomputation isbroken down into separateoperations, each

of which ismodeled asanode in agraph.

Consider computing the function L(a,b,c) = c(a+ 2b). If wemakeeach of the

component addition and multiplication operations explicit, and add names (d and e)

for the intermediate outputs, the resulting series of computations is:

d = 2⇤b

e = a+ d

L = c⇤e

We can now represent this as a graph, with nodes for each operation, and di-

rected edges showing the outputs from each operation as the inputs to the next, as

in Fig. 7.10. The simplest use of computation graphs is to compute the value of

the function with somegiven inputs. In thefigure, we’veassumed the inputsa= 3,

b= 1, c= −2, andwe’ve shown the result of the forward pass to compute the re-

sult L(3,1,−2) = −10. In the forward pass of acomputation graph, we apply each

operation left to right, passing the outputs of each computation as the input to the

next node.

7.4.4 Backward differentiation on computation graphs

The importance of the computation graph comes from the backward pass, which

is used to compute the derivatives that we’ ll need for the weight update. In this

example our goal is to compute the derivative of the output function L with respect

to each of the input variables, i.e., ∂L
∂a

, ∂L
∂b

, and ∂L
∂c

. The derivative ∂L
∂a

, tells us how

much asmall change in a affectsL.

Backwardsdifferentiation makesuseof thechain rule in calculus. Suppose wechain rule

arecomputing thederivativeof acompositefunction f (x) = u(v(x)). Thederivative



The chain rule

Computing the derivative of a composite function:

f (x) = u(v(x))

f (x) = u(v(w(x))) 

 



Example
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Example
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Example
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Example
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Backward differentiation on a two layer network
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Backward differentiation on a two layer network
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Backward differentiation on a 2-layer network 



Starting off the backward pass: 
𝜕𝐿

𝜕𝑧
  

(I'll write 𝑎 for 𝑎[2] and 𝑧 for 𝑧[2] )

𝐿 ො𝑦, 𝑦 = − y log( ො𝑦) + 1 − 𝑦 log(1 − ො𝑦)

𝐿 𝑎, 𝑦 = − y log 𝑎 + 1 − 𝑦 log(1 − 𝑎)
𝜕𝐿

𝜕𝑧
=

𝜕𝐿

𝜕𝑎

𝜕𝑎

𝜕𝑧

𝜕𝐿

𝜕𝑎
= − 𝑦

𝜕 log 𝑎

𝜕𝑎
+ (1 − y)

𝜕 log 1 − 𝑎

𝜕𝑎

= − 𝑦
1

𝑎
+ 1 − y

1

1 − 𝑎
−1 = −

𝑦

𝑎
+

𝑦 − 1

1 − 𝑎

𝜕𝑎

𝜕𝑧
= 𝑎(1 − 𝑎)

𝜕𝐿

𝜕𝑧
= −

𝑦

𝑎
+

𝑦 − 1

1 − 𝑎
𝑎 1 − 𝑎 = a − y



Summary

For training, we need the derivative of the loss with respect to 
weights in early layers of the network 

• But loss is computed only at the very end of the network! 

Solution: backward differentiation

Given a computation graph and the derivatives of all the 
functions in it we can automatically compute the derivative of 
the loss with respect to these early weights.
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